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ABSTRACT: A new method has been developed recently to derive Hawking radiations from
black holes based on considerations of gravitational and gauge anomalies at the horizon [,
P. In this paper, we apply the method to Myers-Perry black holes with multiple angular
momenta in various dimensions by using the dimensional reduction technique adopted in
the case of four-dimensional rotating black holes [f].
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1. Introduction

Hawking radiation is the quantum effect to arise for quantum fields in a background space-
time with an event horizon. There are many different derivations, from the original calcula-
tion based on Bogoliubov transformations [fI] to Euclidean approaches [fJ, and all of them
universally give the same answer. The universality tells us that the Hawking radiation
must be determined only by some universal quantum effects just on the horizon.!

In the seminal paper by Robinson and Wilczek [fl, it was proposed that the flux of
Hawking radiation can be fixed by the amount of the gravitational anomaly at the horizon.
The method was then generalized in [f] to charged black holes by using the gauge anomaly
in addition to the gravitational anomaly and further applied to rotating black holes [B,
and others [§]. The essential observation in [fl] is that quantum fields near the horizon
behave as an infinite set of two-dimensional fields and ingoing modes at the horizon can be
considered as left moving modes while outgoing modes as right moving modes. Once the
ingoing modes fall into the black hole, they never come out classically and cannot affect the
physics outside the black hole. Quantum mechanically, however, they cannot be neglected
because, without the ingoing modes, the theory becomes chiral at the horizon, which makes
the effective theory anomalous under general coordinate or gauge transformations. In this
sense, the ingoing modes at the horizon only affect the exterior region through quantum
anomalies. This is the basic idea of the method but there is a slight difference between
the original calculation in [III] and that in [E] In this paper, we adopt the calculation used
n [P]. We will explain the difference in the appendix.

IThe effect of scatterings away from the horizon changes the spectrum to gray. But this is not the
universal part of the Hawking radiation and we do not discuss it in the present paper.



This approach is similar to the beautiful derivation of the Hawking flux based on con-
formal anomalies [ff], in which the Hawking flux was obtained by solving the conservation
law of the energy-momentum tensor with the information of conformal anomaly. In our
method, instead of conformal anomaly, we use gravitational or gauge anomalies. Both
anomalies are quantum effects but there are the following differences. The gravitational or
gauge anomalies arise only for chiral theories while conformal anomaly can arise even for
vector-like theories. The reason that the gravitational and gauge anomalies are relevant
to the Hawking radiation is due to the chiral decomposition property near the horizon.
Namely, quantum fields near the horizon can be decomposed into the left (ingoing) and
right (outgoing) modes and the left modes are causally decoupled from the exterior physics
classically. Also the gravitational and gauge anomalies are independent of the details of
quantum fields and can be universally determined. Another advantage to use the gauge
anomalies is that we can derive the fluxes of charges and angular momenta in addition to
the energy flux.

In this paper, we apply the method to higher-dimensional Myers-Perry (MP) black
holes [d. Hawking flux from MP black holes with a single charge (angular momentum)
was obtained in [f]] but they could not obtain the flux in cases with multiple angular
momenta. In this paper, by using similar dimensional reduction technique adopted in [J],
we show that the anomaly method can be similarly applied to MP black holes with more
than one charge, and that it reproduces the flux of each angular momentum Fj; and that of
energy-momentum tensor Fj; associated with the Hawking radiation by each partial wave,

* dw Mi ~~ Mia;
F,; = —m; | Ny, — Ny = E 17
/o 27Tm < {mj}(w) { mf}(w)) o = T%{—i-a?’

2
© dw 1 " mya; T
Fy = /0 %w <N{mj}(w) —i—N{,mj}(u))) = E (ZZ:; r%{ —|—a?> —+ 1262. (1.1)

Here Ny,3(w) is the Planck distribution with an inverse-temperature 8 and chemical
potentials a;/(r% + a?) for the angular momenta m; (i = 1,2,--- ,n).2 These fluxes are
given by the sums of contributions from a particle with charge {m;} and antiparticle with
charge {—m;}.

The organization of the paper is as follows. In section B, we consider quantum fields
in the background of the MP black holes in various dimensions and show that they behave
as an infinite set of two-dimensional conformal fields near the event horizon. In section [,
we consider symmetries for them and relate the conservation laws of the original energy-
momentum tensor to those in the dimensionally reduced theories. In section ], we obtain
the Hawking fluxes based on two-dimensional gravitational and gauge anomalies. Section f]
is devoted to discussions. In appendix, we explain the difference between the original
calculation in [l and that in [g].

2Here we used the Planck distribution for fermions in order to avoid the problem of superradiance which
is related to scatterings away from the horizon.



2. Quantum fields in Myers-Perry black hole

In the D =2n+ 14 € (e = 0 or 1) dimensions, the metric of the Myers-Perry black hole is
given by [g]

n

2
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2 2 272 2 2 2 27,2 ur 2
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i=1
The following constraint is imposed for p; (i = 1,2,--- ,n) and «,
n
dopitea’=1,  (0<p<1, —1<a<l) (2.4)
i=1
This metric describes a black hole space-time with the mass M = (D=24p_, w and angular
167G

momenta %M a; in the ¢;-directions, where Ap_s is the volume of SP~2. This black

hole is stationary and has U(1)" isometries with the Killing vectors dg,. We assume the

existence of horizons located at positive solutions of IT — xr2~¢ = 0. The inverse of metric
is given by
w (= pr? ) F + pr? e
g = (IT — pr2=9)F ’
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and the determinant by

Vgl = l}i VYD-2, (2.6)

,
where ,/vYp_2 is the determinant of the metric of SP-2

n—1
H,ui for D =2n+1,
YD-2 = iT1 n (27)
HHM for D = 2n + 2.
o

i=1



We consider a scalar field ¢ in the Myers-Perry black hole background. The action is

1
S=3 /dD“’”\/ 919" 0 pup + Sin, (28)

where S;,; includes a mass term and interaction terms. Near the outer horizon, which is

located at r = rx the largest root of IT — pr?—¢

= 0, the kinetic term gives a dominant
contribution to the action and thus we can ignore a mass and interaction terms S;,:. Hence

the action becomes near the outer horizon as

n 2 2—e
S = —%/dtdrdQD_g(ur) © ﬁ <3t —1—;74217@@228@) — 87,11#& ©.

(2.9)
Note that the terms including 9, in the kinetic part are also suppressed near the horizon
compared to the above terms. The scalar field ¢ can be expanded by the spherical har-
monics Y,2 . (1, ¢;) on SP~2 where R is a label of representations of SO(D — 1) and
i0p, Y, o (i, di) = miV,E . (wi,¢). Performing the expansion, ¢ = > Rom, OF
(t,r)Y,R .. (1, ¢:), the physics near the horizon can be effectively described by an infinite
collection of massless (1 + 1)-dimensional fields with the following action,

2—e¢

n 2
11 1M, a; II — pur
S=- [ dtar(ur)(el, ., ) —(@Qi ) 00, | B

IT—pr2—¢ r2 4 a?
H =1 + 4

(2.10)

From this action we find that gpﬁlmmn can be considered as a (1 + 1)-dimensional

complex scalar field in the background of the dilaton ®, metric g,,, and U(1) gauge fields
AEL@),

II — ,urQ_e 1
¢:/’”ﬂ7 gtt:TEf(T)7 gT’T’:_f(T)a gtT‘_Oa
(i) _ a; bi) —
AP = - AP = 0. (2.11)

The partial wave 307}7%11---771” has the U(1) charge m,; for each gauge field AE?”.

3. Symmetries and conservation laws

When we derive Hawking radiations from anomalies at the horizon in the next section,
we need to use various Ward-Takahashi identities in the two-dimensional effective theories.
In this section, we derive them by reinterpreting the original conservation laws associated
with general coordinate transformations in D = 2n + 1 + € dimensions.

Following the general procedure in the Kaluza-Klein compactification, we write the
D-dimensional metric gap (A, B = t,r, u;, ¢;) for the Meyers-Perry black holes in terms of
a d-dimensional metric (d =n + 1+ ¢€), U(1)" gauge fields and dilatons,

i ®;)
(948) = (9“6 + g, AL A hmAE?k)) |

y (3.1)
B, A(ﬁ ¥ h¢i¢j



where the indices « and [ denote d-dimensional coordinates (¢,r, ;) and ¢;’s are the
angular coordinates. Note that since the metric g4p does not depend on these angular
coordinates there are U(1)4, isometries. Then the D-dimensional general coordinate trans-
formation generated by a Killing vector £%i(t,r, ;) becomes U (1)(@.) gauge transformation
in the d dimensions. By using the Ward-Takahashi identity with respect to this transforma-
tion, we can obtain a conservation law for U(1) gauge current. Under this transformation,
the fields change as

5A£¥¢i) = 3015@-, 0gap = Ohg,¢; =0, (3.2)

and the partition function in the above background changes as

/de(SgAB(S 0
JAB

inZlg) =i [ aPag® 0, (VIgl23)
n—1+e

:Z'/deg@ Oy <\/ET£Z> + Z Oy <\/ET;::) =0.
(3.3)

5
——= In Z]g] is a D-dimensional energy-momentum tensor and depends

7
B \/m(sgAB

only on r and p; due to the isometries of the background. We define an r-component of a

Here Typ =

U(1) gauge current in the two-dimensional field theory as

T HF T

We assume that on the right hand side in eq. (B.3), the second term is negligibly small
compared to the first term near the horizon of the MP black hole. This corresponds to
the fact that the terms including 9,,¢ could be dropped in the discussion of the effective
action near the horizon in the previous section. We then can see from eq. (B.3) that the
following conservation law holds near the horizon,

Op Ty, = 0. (3.5)

Namely, by studying the behavior of the two-dimensional U(1) gauge current, we can see
the flux of the D-dimensional angular momentum.

Next, by considering a D-dimensional general coordinate transformation generated by
a Killing vector £!(¢,7, u;), we can obtain another conservation law. Variations of the fields
under it are

3gas = gﬁtvagt +gatv65t, 5Ag¢j) _ gtvtAgbj) +A§¢j)va£t,
Shg,; = & Othg,e, =0, (3.6)



where V,, is the covariant derivative associated with the d-dimensional metric g,3. Then
a change of the partition function is given by

/ A wigan
9dAB

_ i/d%gt [aa (\/@Tﬁ) \/EZF g

In Z[g]

(3.7)

i [ g [ar (VITT7) + 00, (VT - mzp s |

FY9) are defined by the components of the field strengths of the U(1) gauge fields A((f"),

ta

ES) = 9,0 — 0,41, (3.8)
2—e¢
(¢s) _ _ ur ) a;
A= (IT — pr2=€)F + pr?=¢  r2 4 a?’ (3.9)
AP) = AP = 0. (3.10)

The equation (B.7) holds in the whole region outside the horizon but it can be simplified
near the horizon as follows. Near the horizon, because of II — pur?=¢ = 0, Ft(j?) vanishes

and Ft(rd)i) = —OTAEQ) where the potential becomes

) a;
Agdh) —_ —T2 + a?’ (’I" E— T’H). (311)

These gauge field backgrounds, of course, coincide with those in eq. (R.11]) derived by

dimensional reduction of the action near the horizon. Furthermore we assume that in
eq. (B1), 0, (\/| g1t 1) is negligible compared to the other terms near the horizon, by a
similar reason to the one described below eq. (B.4). Defining a component T} (r) of the

two-dimensional energy-momentum tensor as

Hoy(r) = /dQD 2 (HF>Tt, (3.12)

we find from eq. (B.7) the following conservation equation near the horizon,

v Thia) — Z EYIar, =0, (3.13)

The energy flux in D dimensions is given by the two-dimensional energy current. The
second term in the above Ward-Takahashi identity can be interpreted as the dissipation of

(#4)

energy due to interactions of the current J(r 60) with the background electric field F.,".

4. Quantum anomalies and Hawking fluxes

Ingoing modes near the horizon are classically irrelevant to physics outside the horizon.
If we neglect the ingoing modes, in the two-dimensional effective theory near the horizon



gauge and diffeomorphism invariance are broken by quantum anomalies. The underlying
theory is, of course, invariant. Therefore these anomalies are cancelled by quantum effects
of ingoing modes which are irrelevant classically. In the following we show that the condition
for vanishing of anomalies at the horizon leads to the correct Hawking fluxes of angular
momenta and energy.
First we consider the U(1) currents J(r 60) in the effective theory which is defined in
r € [rg,00]. Each current corresponds to angular momentum in the ¢’-direction in the
D-dimensional theory, as shown in the previous section. We divide the region outside the
horizon into two regions, r € [rg,r + €| near the horizon and r > rgy + e. If we omit the
ingoing modes near the horizon, U(1) current has gauge anomaly there. The consistent
form of the abelian gauge anomaly [[[0d—[[2] in two dimensions is given by
V" =

M _47T\/7(2)

where €”' = +1 and p,v run ¢t and r. In our case, A, is a sum of n U(1) gauge fields

E“Va“Ay, (4'1)

multiplied by charges,

Ay =" my A, (4.2)
j=1
_ —~ mja, _
A = jZ: T A, =0. (4.3)

It is noted that the charge of the partial mode in the effective theory is m;. The consistent
anomaly satisfies the Wess-Zumino condition. The consistent current is derived from the
quantum effective action and is not gauge covariant. We can define covariant current as

my

Fuooo_ g pv

J(@) - J(qbi) 477\/7(2)6 Ay, (4:4)
which satisfies

oo Mu p

Vo) 477\/7(2)6 Py (45)

Here F,,, is given by
Fow = Op Ay — 0, A, = ijpl%ﬂ, (4.6)
i=j

In the case we consider here, the consistent current J(’fb_) g in 7 € [rg,ry + €| depends only
on r and satisfies the following anomalous equation with the gauge field background (R.11)),

T ;i

In the outside region r» > rgy + €, the current is conserved, BTJ(T 6,0 = 0. Hence we can
solve them in each region as

Toi).0 = €O» (4.8)

T (Ar) = A(ra). (4.9)

T =€+ 5



where cio and ciq are integration constants. cio is the value of the current at » — oo and
ciq is the value of the consistent current of the outgoing modes at the horizon r = rg. The
current is written as a sum in two regions
T 1 0

Tt = Ti60.09+) + Jig) BT, (4.10)
where O, (r) =O(r —rg —¢) and H(r) =1 — ©,(r) are step functions which are defined
in the region r > rpg. Note that this current is a part of the total current because we
omitted the ingoing modes near the horizon. The total current including a contribution of
the ingoing modes is given by

Toototat = Jon) T Koy (4.11)
where
r _ m;
Kigy = =4 Adr)H 7). (4.12)

This contribution cancels the anomalous part of J(‘;

) ear the horizon.

In the previous papers [l]-f], the invariance of the quantum effective action under
gauge and general coordinate transformations was considered. Requiring the invariance
can determine the relation between the integration constants ciO and cZ'H. This method has
revealed the significance of each contribution from the ingoing and outgoing modes, but
the relation itself can be easily obtained by imposing the conservation of the total current,

O J(r i)total = 0. This condition gives the relation,

%:@—%&@ﬂ (4.13)
In order to fix the value of the current, we need a further boundary condition at the
horizon. Here we impose that the covariant form of the outgoing current should vanish at
the horizon. The outgoing modes can produce possible divergences for physical quantities
seen by infalling observers into black holes, as discussed in, for example, [[L4, fi]. The phys-
ical vacuum in the black hole backgrounds should be chosen as such that these unphysical
divergences should vanish. In our case, this condition corresponds to the above boundary
condition. We discuss it in the appendix again. Another condition to specify the vacuum
is the boundary condition for the ingoing currents K (‘;i). In eq. (f.12) we have already
chosen an integration constant such that it vanishes at » — oo. This condition corresponds
to taking Unruh vacuum, in stead of Hartle-Hawking vacuum.

Tr _

Since the covariant current is given by Ji, ) = Ji, + T2 Ay(r)H (r), the condition

J&),)(TH) = 0 determines the value of the charge flux at r — oo as
- m. n m.a.
i _ M 3%
j=1 J

This coincides with the flux of angular momentum associated with the Hawking radiation.
Next we consider the flux of energy-momentum radiated from the Myers-Perry black
holes. Omitting the ingoing modes in the near horizon region rg < r < rg + ¢, the



consistent energy-momentum tensor 7" ,; satisfies a modified conservation equation with
the consistent anomalies. In two dimensions the energy-momentum tensor for right-hand
modes satisfies the following Ward-Takahashi identity with U(1) gauge fields Agbi) and
dilaton ® backgrounds,

n

a,o 05
VI =Y (E@I I+ AP, It ) - 2= 4, (4.15)
; < K (#i) (¢z)) /_9(2) oY)
where o7, is the consistent gravitational anomaly 3] which is given by
1 y -
), €70,051,,.- (4.16)

This energy-momentum tensor is not covariant under general coordinate transformations.
On the other hand the covariant energy-momentum 7T}’ satisfies the Ward-Takahashi iden-
tity with the same form as the above but the anomaly term .27, is replaced with the

I S 14
967r\/T(2)6‘“’v R.

In the case considered here, the v = t component of the Ward-Takahashi identity in

covariant one 427# = —

the consistent form becomes

0Ty =3 (FT,(?")J(”@) + Ag¢i>vu%) 8N (1), (4.17)
i=1
where background fields (R.11)) are used. N/ (r) is defined by < = 9, N/,
r 1 2
NE(r) = = (£20) + £ () (1.18)

Eq. (.17) is the same Ward-Takahashi identity as eq. (B.13) if there are no anomalous
terms. See [[] for the Ward-Takahashi identity in presence of anomalies. In eq. (f17),
the first and second terms in the right hand side are combined in terms of the covariant
current j{¢i) as F,?f”)j(@). By substituting j{¢i) = ¢, + 54 Ay(r) into the equation, Ty is
obtained as

T 1 1
Ty =an +/ dro, <_%-At(""H)-At("") + E.Atz(r) + N[(r)) . (4.19)

TH

On the other hand, the energy-momentum tensor T/ o in the outside region 7 > rg satisfies
~ (6)
0T o=> Fi' Ty o (4.20)
i=1
By using J(r 6,0 = c’b this is solved as

1
Tio = ao = - A(rm) Ad(r). (4.21)

The energy-momentum tensor combines contributions from these two regions, T} = T 09+
+T",H. This does not contain a contribution from the ingoing modes near the horizon.

The total energy-momentum tensor is a sum of T}’ and U}’, where

vy = - (%A?(T) + Ng’(r)> H(r) (4.22)



is a contribution from the ingoing modes. To determine a constant part of U/, we require
the condition that the current should vanish at r — oco. This condition corresponds to
vanishing ingoing energy flow at r — oo.

We can again obtain a relation between the integration constants ap and az from the
conservation of total energy-momentum tensor

1
ap =ag + EAt2(TH) — N;(TH) (4.23)

In order to determine the flux of energy ap at r — 0o, we impose a vanishing condition
for the covariant energy-momentum tensor at the horizon, Ttr (rgr) = 0. This corresponds
to the regularity condition for the energy-momentum tensor at the future horizon. In this
case, the covariant anomaly is given by 7 = (9TN{ where

~ 1 1
N =—(ff"—=(f)? 4.24
F= g6 (18- 5007). (1.24)
and the covariant energy-momentum tensor is related to the consistent one as
~ 1
7 =17 + —— (ff" = 2(f)%) . 4.2
P =T (1 2) (125)

Therefore ay is determined as

I€2

:—:2NT‘ 4.2
ag 2Um t(TH)a ( 6)

where the surface gravity x at the horizon is

2r 1, ' (r) — (2 — e)uri=e
= — = — pu— 4.27
K ﬁ 2f (TH) 2MT2_6 ( )
r=ryg
The flux of energy-momentum tensor is given by
1
ap = 4—At2(m) + N{ (ru)
7T
1 [ ’
m;a; ™

= E . 4.28
dmr <i:1 ¥ +a§> MY (4.28)

Note that the flux is independent of the dimension D of the space-time. In the non-rotating
cases (a; = 0), the Hawking flux is proportional to (Ty)? where Ty = 1/ is the Hawking
temperature of the black hole. In D dimensions the energy density of the black body
radiation with temperature Ty is proportional to (Ty)? (Stephan-Boltzmann law.) Since
the area of black holes is proportional to A ~ MP~2 ~ (Ty)?>~P | the total flux behaves as
(Ty)?, which is like the two-dimensional Stephan-Boltzmann law.

5. Discussions

In this paper we have applied the method of quantum anomalies to derive the Hawking

flux from Myers-Perry black holes with multiple angular momenta in various dimensions.

,10,



The method adopted here made only use of the quantum anomalies at the horizon and in
this sense it is very universal. Namely, it does not depend on the details of the quantum
fields away from the horizon. But we have obtained only the total flux of energy or charges
and a natural question is whether we can obtain more detailed information about the black
body radiation from black holes.

Black body spectrum of the Hawking radiations with the Hawking temperature is de-
formed by the gray body factor due to the effect of scatterings away from the horizon. This
is, of course, not universal and we need more information about the black hole background
away from the horizon. But the radiation before it is modified may be universally given
and there is a chance that we can obtain the black body spectrum based on the quantum
anomalies. Near the horizon, quantum fields behave as an infinite set of two-dimensional
conformal fields. Such fields have infinitely many conserved currents with higher spins in
addition to the energy momentum tensor or gauge currents. In curved space-times, they
will acquire quantum anomalies if the fields are chiral, and values of the anomalies for these
higher spin currents can determine the black body spectrum of the Hawking radiations.
We would like to report it in our future publication [[[5].

Another issue is the entropy of black holes. Although the black hole entropy is well
understood macroscopically, its microscopic understanding is yet incomplete. Since black
hole entropy is also universally determined as the Hawking radiation, we may expect that
it can be given only by some universal quantum effects at the horizon. The black hole
entropy may be given by the number of degrees of freedom of the ingoing modes of some
gravitational modes at the horizon (which are classically irrelevant but quantum mechan-
ically important to physics outside the black holes). We calculated the entropy based on
the idea and the result is proportional to the area, but the coefficient is slightly different
from the Bekenstein-Hawking entropy. Since the entropy must be universal as well as the
Hawking radiation, we believe that our approach for the quantum physics near the horizon
will be important to investigate the thermodynamic properties of black holes. We would
like to further study and report it in near future.

Note added. After completing this work we found a preprint [I§] in which Hawking

radiations in general Kerr-(anti)de Sitter black holes are studied.
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A. What is different between [I]] and [B, [

Since there seem to be some confusions among the readers of [[l] and [B, ff], we will explain
the difference between them here. Although the basic ideas are essentially the same, there
are the following differences in the calculations.

In the paper [[l], outgoing modes near the horizon are eliminated and thus effective the-
ory is chiral there. Then effective action for the metric due to matter fields becomes anoma-
lous near the horizon with respect to general coordinate transformations. The Hawking
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flux of energy-momentum tensor is determined so that it cancels the gravitational anomaly
in the consistent form at the horizon.

On the other hand, in [}, B and the present paper, ingoing modes, which are classically
irrelevant to physics outside the horizon, are integrated out near the horizon. The Hawking
fluxes are determined by the requirement that the covariant current or energy-momentum
tensor should vanish at the horizon, instead of the consistent current.

In the case of the Schwarzschild black hole, both of them give the same answer. This is
because the change of the sign for the coefficients of anomalies due to whether we consider
outgoing or ingoing modes can be cancelled by the change of sign whether we consider the
consistent or covariant form of gravitational anomalies at the horizon. (See the coefficients
of (f")? terms in eqs. ([EI§) and ([£24).)

In more general cases of charged or rotating black holes, however, we have to consider
gauge currents in addition to energy flow and hence both of the gravitational and gauge
anomalies must be considered. Since the values of gauge anomalies at the horizon differ by
a factor 2, not by their signs, between the consistent and the covariant currents (eqs. ([£1)
and ([.H)), it cannot cancel the first change of the sign. Because of it, when we applied the
calculation [l to charged or rotating black holes, we could not reproduce the correct value
of the Hawking fluxes.

In the appendix in [[], we have calculated the effective action for two-dimensional
free fields in charged black hole backgrounds and obtained the form of gauge currents and
energy-momentum tensor directly imposing the regularity condition that fluxes of current
or energy-momentum tensor seen by a freely falling observer should not be singular at the

horizon;
—62 A A
r = — 1
J o t(ru), (A1)
- _% g (re) Ag(r) + b F2(r) + e A2(rp) (A.2)
t — o t\T"H t\Tr 1927 TH Ax t TH). .

In the cases of rotating black holes investigated in this paper, the above current and
background U(1) gauge field should be regarded as those for each U(1) gauge symmetry
corresponding to the diffecomorphism in the ¢;-direction. Then it is easily found that
these are equivalent to the current J(r 60,0 and energy-momentum tensor 7}, which are
determined imposing the condition that the covariant current should vanish at the horizon,
not the consistent current.
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